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ψ-SECOND SUBMODULES OF A MODULE
F. FARSHADIFAR* AND H. ANSARI-TOROGHY**
Abstract. Let R be a commutative ring with identity andM be anR-module.
Let ψ : S(M) → S(M) ∪ {∅} be a function, where S(M) denote the set of all
submodules of M . The main purpose of this paper is to introduce and study
the notion of ψ-second submodules of an R-module M .
1. Introduction
Throughout this paper, R will denote a commutative ring with identity and Z will
denote the ring of integers. We will denote the set of ideals of R by S(R) and the
set of all submodules of M by S(M), where M is an R-module.
Let M be an R-module. A proper submodule P of M is said to be prime if for
any r ∈ R and m ∈ M with rm ∈ P , we have m ∈ P or r ∈ (P :R M) [5]. A non-
zero submodule N of M is said to be second if for each a ∈ R, the homomorphism
N
a
→ N is either surjective or zero [8].
A non-zero submodule S of an R-module M is a weak second submodule of M
if for each r ∈ R and a submodule K of M , r ∈ (K :R S) \ (K :R M) implies that
S ⊆ K or r ∈ AnnR(S) [6].
Anderson and Bataineh in [1] defined the notation of φ-prime ideals as follows:
let φ : S(R) → S(R) ∪ {∅} be a function. Then, a proper ideal P of R is φ-prime
if for r, s ∈ R, rs ∈ P \ φ(P ) implies that r ∈ P or s ∈ P .
Zamani in [9] extended this concept to prime submodule. For a function φ :
S(M) → S(M) ∪ {∅}, a proper submodule N of M is called φ-prime if whenever
r ∈ R and x ∈M with rx ∈ N \ φ(N), then r ∈ (N :R M) or x ∈ N .
LetM be an R-module and let ψ : S(M)→ S(M)∪{∅} be a function. The main
purpose of this paper is to introduce and study the notion of ψ-second submodules
of M as a dual notion of φ-prime submodules of M . We say that a non-zero
submodule N of M is a ψ-second submodule of M if r ∈ R, K a submodule of M ,
rN ⊆ K, and rψ(N) 6⊆ K, then N ⊆ K or rN = 0. Among the other results, we
have shown that if N is a ψ-second submodule ofM such that AnnR(N)ψ(N) 6⊆ N ,
then N is a second submodule of M (see Theorem 2.3). We prove that if H is a
proper submodule of M such that (H :R M) = 0, then H is a second submodule of
M if and only if H is a ψ1-second submodule of M (see Corollary 2.7). In Theorem
2.9, it is shown that if ψ : S(M) → S(M) ∪ {∅}, φ : S(R) → S(R) ∪ {∅} are
functions, then we have the following.
(a) If S is a ψ-second submodule of M such that AnnR(ψ(S)) ⊆ φ(AnnR(S)),
then AnnR(S) is a φ-prime ideal of R.
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(b) If M is a comultiplication R-module, S is a submodule of M such that
ψ(S) = (0 :M φ(AnnR(S)), and AnnR(S) is a φ-prime ideal of R, then S
is a ψ-second submodule of M .
Also, it is shown that if a is an element of R such that (0 :M a) ⊆ a(0 :M
aAnnR((0 :M a))) and (0 :M a) is a ψ1-second submodule of M , then (0 :M a)
is a second submodule of M (see Theorem 2.15). Moreover, in Theorem 2.16, we
characterize ψ-second submodules of M .
2. Main results
Definition 2.1. Let M be an R-module, S(M) be the set of all submodules of M ,
and let ψ : S(M)→ S(M)∪ {∅} be a function. We say that a non-zero submodule
N of M is a ψ-second submodule of M if r ∈ R, K a submodule of M , rN ⊆ K,
and rψ(N) 6⊆ K, then N ⊆ K or rN = 0.
We use the following functions ψ : S(M)→ S(M) ∪ {∅}.
ψM (N) =M, ∀N ∈ S(M),
ψi(N) = (N :M Ann
i
R(N)), ∀N ∈ S(M), ∀i ∈ N,
ψσ(N) =
∞∑
i=1
ψi(N), ∀N ∈ S(M).
Then it is clear that ψM -second submodules are weak second submodules. Clearly,
for any submodule and every positive integer n, we have the following implications:
second⇒ ψn−1 − second⇒ ψn − second⇒ ψσ − second.
For functions ψ, θ : S(M)→ S(M) ∪ {∅}, we write ψ ≤ θ if ψ(N) ⊆ θ(N) for each
N ∈ S(M). So whenever ψ ≤ θ, any ψ-second submodule is θ-second.
Theorem 2.2. [2, 2.10]. For a submodule S of an R-module M the following
statements are equivalent.
(a) S is a second submodule of M .
(b) S 6= 0 and rS ⊆ K, where r ∈ R and K is a submodule of M , implies
either rS = 0 or S ⊆ K.
Theorem 2.3. Let M be an R-module and ψ : S(M)→ S(M)∪{∅} be a function.
Let N be a ψ-second submodule of M such that AnnR(N)ψ(N) 6⊆ N . Then N is a
second submodule of M .
Proof. Let a ∈ R and K be a submodule of M such that aN ⊆ K. If aψ(N) 6⊆ K,
then we are done because N is a ψ-second submodule of M . Thus suppose that
aψ(N) ⊆ K. If aψ(N) 6⊆ N , then aψ(N) 6⊆ N∩K. Hence aN ⊆ N∩K implies that
N ⊆ N ∩K ⊆ K or aN = 0 as needed. So let aψ(N) ⊆ N . If AnnR(N)ψ(N) 6⊆ K,
then (a+AnnR(N))ψ(N) 6⊆ K. Thus (a+AnnR(N))N ⊆ K implies that N ⊆ K
or aN = (a + AnnR(N))N = 0, as required. So let AnnR(N)ψ(N) ⊆ K. Since
AnnR(N)ψ(N) 6⊆ N , there exists b ∈ AnnR(N) such that bψ(N) 6⊆ N . Hence
and bψ(N) 6⊆ N ∩ K. This in turn implies that (a + b)ψ(N) 6⊆ N ∩ K. Thus
(a + b)N ⊆ N ∩ K implies that N ⊆ N ∩ K ⊆ K or (a + b)N = aN = 0 as
needed. 
Corollary 2.4. Let N be a weak second submodule of an R-module M such that
AnnR(N)M 6⊆ N . Then N is a second submodule of M .
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Proof. In the Theorem 2.3 set ψ = ψM . 
Corollary 2.5. LetM be an R-module and ψ : S(M)→ S(M)∪{∅} be a function.
If N is a ψ-second submodule of M such that (N :M Ann
2
R(N)) ⊆ ψ(N), then N
is a ψσ-second submodule of M .
Proof. If N is a second submodule ofM , then the result is clear. So suppose that N
is not a second submodule ofM . Then by Theorem 2.3, we have AnnR(N)ψ(N) ⊆
N . Therefore, by assumption,
(N :M Ann
2
R(N)) ⊆ ψ(N) ⊆ (N :M AnnR(N)).
This implies that ψ(N) = (N :M Ann
2
R(N)) = (N :M AnnR(N)) because always
(N :M AnnR(N)) ⊆ (N :M Ann2R(N)). Now
(N :M Ann
3
R(N)) = ((N :M Ann
2
R(N)) :M AnnR(N)) =
((N :M AnnR(N)) :M AnnR(N)) = (N :M Ann
2
R(N)) = ψ(N).
By continuing, we get that ψ(N) = (N :M Ann
i
R(N)) for all i ≥ 1. Therefore,
ψ(N) = ψσ(N) as needed. 
Theorem 2.6. Let M be an R-module and ψ : S(M)→ S(M)∪{∅} be a function.
Let H be a submodule of M such that far all ideals I and J of R, (H :M I) ⊆
(H :M J) implies that J ⊆ I. If H is not a second submodule of M , then H is not
a ψ1-second submodule of M .
Proof. As H is not a second submodule of M , there exists r ∈ R and a submodule
K of M such that rH 6= 0 and H 6⊆ K, but rH ⊆ K by Theorem 2.2. We have
H 6⊆ K∩H and rH ⊆ K∩H . If r(H :M AnnR(H)) 6⊆ K∩H , then by our definition
H is not a ψ1-second submodule of M . So let r(H :M AnnR(H)) ⊆ K ∩H . Then
r(H :M AnnR(H)) ⊆ K ∩H ⊆ H . Thus (H :M AnnR(H)) ⊆ (H :M r) and so by
assumption, r ∈ AnnR(H). This is a contradiction. 
Corollary 2.7. LetM be an R-module and ψ : S(M)→ S(M)∪{∅} be a function.
Let H be a submodule of M such that far all ideals I and J of R, (H :M I) ⊆
(H :M J) implies that J ⊆ I. Then H is a second submodule of M if and only if
H is a ψ1-second submodule of M .
An R-module M is said to be a multiplication module if for every submodule N
of M , there exists an ideal I of R such that N = IM [4]. It is easy to see that M
is a multiplication module if and only if N = (N :R M)M for each submodule N
of M .
Theorem 2.8. Let M be an R-module, φ : S(R)→ S(R) ∪ {∅}, and χ : S(M)→
S(M) ∪ {∅} be functions such that χ(P ) = φ((P :R M))M .
(a) If P is a χ-prime submodule of M such that (χ(P ) :R M) ⊆ φ((P :R M)),
then (P :R M) is a φ-prime ideal of R.
(b) If M is a multiplication R-module and (P :R M) is a φ-prime ideal of R,
then P is a χ-prime submodule of M .
Proof. (a) Let ab ∈ (P :R M) \ φ((P :R M) for some a, b ∈ R. If abM ⊆ χ(P )),
then ab ∈ φ((P :R M)), a contradiction. Thus abM 6⊆ χ(P ). Therefore, aM ⊆ P
or bM ⊆ P because P is a χ-prime submodule of M .
(b) Let ax ∈ P \ χ(P ) = P \ φ((P :R M))M . Then a(Rx :R M)M ⊆ P .
If a(Rx :R M) ⊆ φ((P :R M)), then a(Rx :R M)M ⊆ φ((P :R M))M . As
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M is a multiplication R-module, we have ax ∈ Rx = (Rx :R M)M . Therefore,
ax ∈ φ((P :R M))M , a contradiction. Thus a(Rx :R M) 6⊆ φ((P :R M)) and so by
assumption, a ∈ (P :R M) or (Rx :R M) ⊆ (P :R M) as needed. 
Theorem 2.9. Let M be an R-module and ψ : S(M)→ S(M) ∪ {∅}, φ : S(R)→
S(R) ∪ {∅} be functions.
(a) If S is a ψ-second submodule of M such that AnnR(ψ(S)) ⊆ φ(AnnR(S)),
then AnnR(S) is a φ-prime ideal of R.
(b) If M is a comultiplication R-module, S is a submodule of M such that
ψ(S) = (0 :M φ(AnnR(S)), and AnnR(S) is a φ-prime ideal of R, then S
is a ψ-second submodule of M .
Proof. (a) Let ab ∈ AnnR(S) \ φ(AnnR(S)) for some a, b ∈ R. Then abψ(S) 6= 0
by assumption. If aψ(S) ⊆ (0 :M b), then abψ(S) = 0, a contradiction. Thus
aψ(S) 6⊆ (0 :M b). Therefore, S ⊆ (0 :M b) or aS = 0 because S is a ψ-second
submodule of M .
(b) Let a ∈ R and K be a submodule of M such that aS ⊆ K and aψ(S) 6⊆ K.
As aS ⊆ K, we have S ⊆ (K :M a). It follows that
S ⊆ ((0 :M AnnR(K)) :M a) = (0 :M aAnnR(K)).
This implies that aAnnR(K) ⊆ AnnR((0 :M aAnnR(K))) ⊆ AnnR(S). Hence,
aAnnR(K) ⊆ AnnR(S). If aAnnR(K) ⊆ φ(AnnR(S)), then
ψ(S) = (0 :M φ(AnnR(S)) ⊆ ((0 :M AnnR(K) :M a).
As M is a comultiplication R-module, we have aψ(S) ⊆ K, a contradiction. Thus
aAnnR(K) 6⊆ φ(AnnR(S)) and so as AnnR(S) is a φ-prime ideal of R, we conclude
that aS = 0 or
S = (0 :M AnnR(S)) ⊆ (0 :M AnnR(K)) = K,
as needed. 
The following example shows that the condition “M is a comultiplication R-
module” in Theorem 2.9 (b) can not be omitted.
Example 2.10. Let R = Z, M = Z ⊕ Z, and S = 2Z ⊕ 2Z. Clearly, M is
not a comultiplication R-module. Suppose that φ : S(R) → S(R) ∪ {∅} and ψ :
S(M) → S(M) ∪ {∅} be functions such that φ(I) = I for each ideal I of R and
ψ(S) = M . Then clearly, AnnR(S) = 0 is a φ-prime ideal of R and ψ(S) = M =
(0 :M φ(AnnR(S)). But as 3S ⊆ 6Z⊕ 6Z, S 6⊆ 6Z⊕ 6Z, and 3S 6= 0, we have that
S is not a ψ-second submodule of M .
Proposition 2.11. LetM be an R-module, ψ : S(M)→ S(M)∪{∅} be a function,
and N be a ψ-second submodule of M . Then we have the following statements.
(a) If K is a submodule ofM withK ⊂ N and ψK : S(M/K)→ S(M/K)∪{∅}
be a function such that ψK(N/K) = ψ(N)/K, then N/K is a ψK-second
submodule of M/K.
(b) LetN be a finitely generated submodule ofM , S be a multiplicatively closed
subset ofR with AnnR(N)∩S = ∅, and S−1ψ : S(S−1M)→ S(S−1M)∪{∅}
be a function such that (S−1ψ)(S−1N) = S−1ψ(N). Then S−1N is a
S−1ψ-second submodule of S−1M .
Proof. These are straightforward. 
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Proposition 2.12. Let M and M´ be R-modules and f : M → M´ be an R-
monomorphism. Let ψ : S(M) → S(M) ∪ {∅} and ψ´ : S(M´) → S(M´) ∪ {∅} be
functions such that ψ(f−1(N´)) = f−1(ψ´(N´)), for each submodule N´ of M´ . If N´
is a ψ´-second submodule of M´ such that N´ ⊆ Im(f), then f−1(N´) is a ψ-second
submodule of M .
Proof. As N´ 6= 0 and N´ ⊆ Im(f), we have f−1(N´) 6= 0. Let a ∈ R and K be a
submodule of M such that af−1(N´) ⊆ K and aψ(f−1(N´)) 6⊆ K. Then by using
assumptions, aN´ ⊆ f(K) and aψ´(N´) 6⊆ f(K). Thus aN´ = 0 or N´ ⊆ f(K). This
implies that af−1(N´) = 0 or f−1(N´) ⊆ K as needed. 
A proper submodule N ofM is said to be completely irreducible if N =
⋂
i∈I Ni,
where {Ni}i∈I is a family of submodules of M , implies that N = Ni for some
i ∈ I. It is easy to see that every submodule of M is an intersection of completely
irreducible submodules of M [7].
Remark 2.13. Let N and K be two submodules of an R-module M . To prove
N ⊆ K, it is enough to show that if L is a completely irreducible submodule of M
such that K ⊆ L, then N ⊆ L.
Proposition 2.14. LetM be an R-module, ψ : S(M)→ S(M)∪{∅} be a function,
and let N be a ψ1-second submodule ofM . Then we have the following statements.
(a) If for a ∈ R, aN 6= N , then (N :M AnnR(N)) ⊆ (N :M a).
(b) If J is an ideal of R such that AnnR(N) ⊆ J and JN 6= N , then (N :M
AnnR(N)) = (N :M J).
Proof. (a) By Remark 2.13, there exists a completely irreducible submodule L of
M such that aN ⊆ L and N 6⊆ L. If aN = 0, then clearly (N :M AnnR(N)) ⊆
(N :M a). So let aN 6= 0. Since N is a ψ1-second submodule of M , we must
have a(N :M AnnR(N)) ⊆ L. Now let L´ be a completely irreducible submodule
of M such that N ⊆ L´. Then N 6⊆ L´ ∩ L and aN ⊆ L´ ∩ L. Hence as N is a
ψ1-second submodule of M , we have a(N :M AnnR(N)) ⊆ L´ ∩ L. Thus a(N :M
AnnR(N)) ⊆ L´. Therefore, a(N :M AnnR(N)) ⊆ N by Remark 2.13. It follows
that (N :M AnnR(N)) ⊆ (N :M a).
(b) This follows from part (a). 
Theorem 2.15. Let M be an R-module, ψ : S(M) → S(M) ∪ {∅} be a function,
and let a be an element of R such that (0 :M a) ⊆ a(0 :M aAnnR((0 :M a))). If
(0 :M a) is a ψ1-second submodule of M , then (0 :M a) is a second submodule of
M .
Proof. Let N := (0 :M a) be a ψ1-second submodule of M . Then (0 :M a) 6=
0. Now let t ∈ R and K be a submodule of M such that t(0 :M a) ⊆ K. If
t(N :M AnnR(N)) 6⊆ K, then t(0 :M a) = 0 or (0 :M a) ⊆ K since (0 :M a) is
a ψ1-second submodule of M . So suppose that t(N :M AnnR(N)) ⊆ K. Now we
have (t + a)(0 :M a) ⊆ K. If (t + a)(N :M AnnR(N)) 6⊆ K, then as (0 :M a) is a
ψ1-second submodule of M , (t+ a)(0 :M a) = 0 or (0 :M a) ⊆ K and we are done.
So assume that (t+ a)(N :M AnnR(N)) ⊆ K. Then t(N :M AnnR(N)) ⊆ K gives
that a(N :M AnnR(N)) ⊆ K. Hence by assumption, (0 :M a) ⊆ K and the result
follows from Theorem 2.2. 
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Theorem 2.16. Let N be a non-zero submodule of an R-module M and ψ :
S(M)→ S(M) ∪ {∅} be a function. Then the following are equivalent:
(a) N is a ψ-second submodule of M ;
(b) for completely irreducible submodule L of M with N 6⊆ L, we have (L :R
N) = AnnR(N) ∪ (L :R ψ(N));
(c) for completely irreducible submodule L of M with N 6⊆ L, we have (L :R
N) = AnnR(N) or (L :R N) = (L :R ψ(N));
(d) for any ideal I of R and any submodule K of M , if IN ⊆ K and Iψ(N) 6⊆
K, then IN = 0 or N ⊆ K.
(e) for each a ∈ R with aψ(N) 6⊆ aN , we have aN = N or aN = 0.
Proof. (a)⇒ (b). Let for a completely irreducible submodule L of M with N 6⊆ L,
we have a ∈ (L :R N) \ (L :R ψ(N)). Then aψ(N) 6⊆ L. Since N is a ψ-second
submodule of M , we have a ∈ AnnR(N). As we may assume that ψ(N) ⊆ N , the
other inclusion always holds.
(b) ⇒ (c). This follows from the fact that if a subgroup is a union of two
subgroups, it is equal to one of them.
(c)⇒ (d). Let I be an ideal of R and K be a submodule ofM such that IN ⊆ K
and Iψ(N) 6⊆ K. Suppose I 6⊆ AnnR(N) and N 6⊆ K. We show that Iψ(N) ⊆ K.
Let a ∈ I and L is a completely irreducible submodule of M with K ⊆ L. First
let a 6∈ AnnR(N). Then, since aN ⊆ L, we have (L :R N) 6= AnnR(N). Hence
by our assumption (L :R N) = (L :R ψ(N)). So aψ(N) ⊆ L. Now assume that
a ∈ I ∩ AnnR(N). Let u ∈ I \ AnnR(N). Then a+ u ∈ I \ AnnR(N). So by the
first case, for each completely irreducible submodule L of M with K ⊆ L we have
uψ(N) ⊆ L and (u + a)ψ(N) ⊆ L. This gives that aψ(N) ⊆ L. Thus in any case
aψ(N) ⊆ L. Thus Iψ(N) ⊆ L. Therefore Iψ(N) ⊆ K by Remark 2.13.
(d)⇒ (a). This is clear.
(a) ⇒ (e). Let a ∈ R such that aψ(N) 6⊆ aN . Then aN ⊆ aN implies that
N ⊆ aN or aN = 0 by part (a). Thus N = aN or aN = 0, as requested.
(e) ⇒ (a). Let a ∈ R and K be a submodule of M such that aN ⊆ K and
aψ(N) 6⊆ K. If aψ(N) ⊆ aN , then aN ⊆ K implies that aψ(N) ⊆ K, a contra-
diction. Thus by part (e), aN = N or aN = 0. Therefore, N ⊆ K or aN = 0, as
needed. 
Example 2.17. Let N be a non-zero submodule of an R-module M and let ψ :
S(M)→ S(M)∪{∅} be a function. If ψ(N) = N , then N is a ψ-second submodule
of M by Theorem 2.16 (e)⇒ (a).
Let R1 and R2 be two commutative rings with identity. Let M1 and M2 be R1
and R2-module, respectively and put R = R1 ×R2. Then M = M1 ×M2 is an R-
module and each submodule ofM is of the form N = N1×N2 for some submodules
N1 of M1 and N2 of M2. Suppose that ψ
i : S(Mi) → S(Mi) ∪ {∅} be a function
for i = 1, 2. The second submodules of the R = R1 × R2-module M = M1 ×M2
are in the form S1 × 0 or 0× S2, where S1 is a second submodule of M1 and S2 is
a second submodule of M2 [3, 2.23]. The following example, shows that this is not
true for correspondence ψ1 × ψ2-second submodules in general.
Example 2.18. Let R1 = R2 = M1 = M2 = S1 = Z6. Then clearly, S1 is a weak
second submodule ofM1. However, (2¯, 1¯)(Z6×0) ⊆ 2¯Z6× 3¯Z6 and (2¯, 1¯)(Z6×Z6) 6⊆
2¯Z6× 3¯Z6. But (2¯, 1¯)(Z6×0) = 2¯Z6×0 6= 0×0, and Z6×0 6⊆ 2¯Z6× 3¯Z6. Therefore,
S1 × 0 is not a weak second submodule of M1 ×M2.
ψ-SECOND SUBMODULES OF A MODULE 7
Theorem 2.19. Let R = R1 × R2 be a ring and M = M1 ×M2 be an R-module,
where M1 is an R1-module and M2 is an R2-module. Suppose that ψ
i : S(Mi) →
S(Mi)∪ {∅} be a function for i = 1, 2. Then S1 × 0 is a ψ1 ×ψ2-second submodule
of M , where S1 is a ψ
1-second submodule of M1 and ψ
2(0) = 0.
Proof. Let (r1, r2) ∈ R and K1 ×K2 be a submodule of M such that (r1, r2)(S1 ×
0) ⊆ K1 ×K2 and
(r1, r2)((ψ
1 × ψ2)(S1 × 0)) = r1ψ
1(S1)× r2ψ
2(0) = r1ψ
1(S1)× 0 6⊆ K1 ×K2
Then r1S1 ⊆ K1 and r1ψ1(S1) 6⊆ K1. Hence, r1S1 = 0 or S1 ⊆ K1 since S1 is a
ψ1-second submodule ofM1. Therefore, (r1, r2)(S1×0) = 0×0 or S1×0 ⊆ K1×K2,
as requested. 
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